For two simple graphs G 1 and G 2 , we denote the subdivision-vertex join and subdivision-edge join of G 1 and G 2 by G 1∨ G 2 and G 1 ⊻ G 2 , respectively. This paper determines the normalized Laplacian spectra of G 1∨ G 2 and G 1 ⊻ G 2 in terms of these of G 1 and G 2 whenever G 1 and G 2 are regular. As applications, we construct some non-regular normalized Laplacian cospectral graphs. Besides we also compute the number of spanning trees and the degree-Kirchhoff index of G 1∨ G 2 and G 1 ⊻ G 2 for regular graphs G 1 and G 2 .
Introduction
Throughout this paper, all graphs considered are finite simple graphs. Let G = (V, E) be a graph with vertex set V = {v 1 , v 2 , . . . , v n } and edge set E(G). The adjacency matrix A(G) of G is an n × n matrix whose (i, j)-entry is 1 if Denote the characteristic polynomial det(xI n − L(G)) of L(G) by φ(G; x). The roots of φ(G; x) are called the normalized Laplacian eigenvalues of G, denoted by 0 = λ 1 (G) ≤ λ 2 (G) ≤ · · · ≤ λ n (G) ≤ 2. The set of all eigenvalues is called the normalized Laplacian spectrum of G.
The normalized Laplacian matrix L(G), which is consistent with the transition probability matrix P (G) = D(G) −1 A(G) in the random walk on G and spectral geometry [9] has attracted people's attention. For example, Banerjee and Jost [1] studied how the normalized Laplacian spectrum is affected by operations such as motif doubling, graph splitting and joining. Butler and Grout [4] constructed many pairs of non-regular normalized Laplacian cospectral graphs. Cavers et al. [5] obtained some bounds on the normalized Laplacian energy and general Randić index R −1 of graphs. Chen et al. [6] gave an interlacing inequality on the normalized Laplacian eigenvalues of G. Chen and Zhang [8] obtained the formulae for the resistance distance and degree-Kirchoff index in terms of the normalized Laplacian eigenvalues and eigenvectors of G. Kirkland [16] investigated the Limit points for normalized Laplacian eigenvalues and so on. For more review about the normalized Laplacian spectrum of graphs, readers may refer to [9] . Recently, Chen and Liao [7] determined the normalized Laplacian spectra of the (edge)corona for two graphs. Almost at the same time, the normalized Laplacian spectra of some subdivision-coronas for two regular graphs were determined by Das and Panigrahi [12] . The subdivision graph [11] S(G) of a graph G is the graph obtained by inserting a new vertex into every edge of G. Denote the set of such new vertices by I(G). The following graph operations based on subdivision graphs come from [15] .
Definition 1.1
The subdivision-vertex join G 1∨ G 2 of two graphs G 1 and G 2 is the graph obtained from S(G 1 ) and G 2 by joining each vertex of V (G 1 ) with every vertex of V (G 2 ).
Definition 1.2
The subdivision-edge join G 1 ⊻ G 2 of two graphs G 1 and G 2 is the graph obtained from S(G 1 ) and G 2 by joining each vertex of I(G 1 ) with every vertex of V (G 2 ).
In [15] , the spectra of G 1∨ G 2 and G 1 ⊻ G 2 were computed in terms of these of regular graphs G 1 and G 2 . The author also constructed infinite family of new integral graphs. Bu et al. [3] obtained the formulae for resistance distance of G 1∨ G 2 and G 1 ⊻ G 2 . Recently, Liu and Zhang [17] determined the spectra, (signless) Laplacian spectra of G 1∨ G 2 and G 1 ⊻ G 2 for a regular graph G 1 and arbitrary graph G 2 . As applications, they constructed infinitely many pairs of cospectral graphs and obtained the number of spanning trees and the Kirchhoff index of G 1∨ G 2 and
Motivated by the works above, we focus on determining the normalized Laplacian spectra of G 1∨ G 2 and G 1 ⊻ G 2 in terms of those of regular graphs G 1 and G 2 (see Theorems 2.3 and 2.4, respectively). As applications, we construct some non-regular normalized Laplacian cospectral graphs(see Theorem 3.1 and Example 3.2). Besides we also compute the number of spanning trees and the degreeKirchhoff index of G 1∨ G 2 and G 1 ⊻G 2 for regular graphs G 1 and G 2 (see Theorems 3.3 and 3.4, respectively).
Main results
In this section, we shall determine the normalized Laplacian spectra of G 1∨ G 2 and G 1 ⊻ G 2 with the help of the coronal of matrices. Recall that the M-coronal Γ M (x) [10, 18] of a matrix M of order n is defined to be the sum of the entries of the matrix (xI n −M)
n , where 1 n denotes the column vector of size n with all entries equal to one. For the sake of convenience, we first give a slight generalization of the M-coronal of a matrix M of order n below:
where J n denotes the matrix of order n with all entries equal to one and "•" the Hadamard product [13] of two matrices. If α = 1, then Γ M (x, 1) is the usual M-coronal Γ M (x) introduced by Cui and Tian in [10] . Let G be an r-regular graph of order n. Then
Let G = (V, E) be a simple graph with vertex set V = {v 1 , v 2 , . . . , v n } and edge set E(G) = {e 1 , e 2 , . . . , e m }. The incident matrix of G is an n × m matrix whose (i, j)-entry is 1 if v i and e j are incident in G and 0 otherwise, denoted by
The line graph of a graph G is the graph l(G), whose vertices are the edges of G and two vertices of l(G) are adjacent if and only if they are incident on a common vertex in G. It is well known [11] that R(G)
T R(G) = A(l(G)) + 2I m . The following Lemmas 2.1 and 2.2 used in the rest of article come from [12] and [17] , respectively. 
We first consider the normalized Laplacian spectrum of G 1∨ G 2 . Let G 1 be an r 1 -regular graph on n 1 vertices and m 1 edges, and G 2 be an r 2 -regular graph on n 2 vertices. Then
Thus we have
where B = αJ n 2 + (1 − α)I n 2 with α = r 2 /(r 2 + n 1 ).
Theorem 2.3
Let G 1 be an r 1 -regular graph on n 1 vertices and m 1 edges, and G 2 be an r 2 -regular graph on n 2 vertices. Also let 0 = µ 1 , µ 2 , · · · , µ n 1 and 0 = ν 1 , ν 2 , · · · , ν n 2 be the normalized Laplacian spectrum of G 1 and G 2 , respectively. Then the normalized Laplacian spectra of G 1∨ G 2 consists of:
, for i = 2, . . . , n 2 ; (iv) two roots of the equation, for i = 2, . . . , n 1 ,
(v) two roots of the equation
Proof. According to (2), we obtain the characteristic polynomial of
where
Now, substituting (5) and (6) into (4), we obtain
On the other hand, it is easy to see that
Thus, substituting (7) and (8) into (3), we obtain the characteristic polynomial of
which implies the required results. ✷ Next we consider the normalized Laplacian spectrum of G 1 ⊻ G 2 . Let G 1 be an r 1 -regular graph on n 1 vertices and m 1 edges, and G 2 be an r 2 -regular graph on n 2 vertices. Then
where B = αJ n 2 + (1 − α)I n 2 with α = r 2 /(r 2 + m 1 ). , for i = 2, . . . , n 2 ; (iv) two roots of the equation, for i = 2, . . . , n 1 ,
Proof. By (9), the characteristic polynomial of L(
Then, from Lemma 2.2 and (1), one has
It is follows from (1) that 
Notice that R T R = A(l(G 1 )) + 2I m 1 . Now, substituting (12) and (13) into (11), along with Lemma 2.1, we obtain det(S) = (x − 1)
where τ i (l(G 1 )) denotes an eigenvalue of the line graph l(G 1 ) of G 1 .
On the other hand, by a simple computation, one gets
Now, substituting (14) and (15) into (10), we obtain the characteristic polynomial of
which follows the desired results. ✷
Applications
In this section, we consider to construct many pairs of non-regular normalized Laplacian cospectral graphs. Besides, we also compute the number of spanning trees and the degree-Kirchhoff index of G 1∨ G 2 and G 1 ⊻ G 2 for regular graphs G 1 and G 2 .
Two graphs G and H are called the normalized Laplacian cospectral if the normalized Laplacian spectra of G and H are the same. It is well known that many families of pairs of cospectral graphs may be constructed by using some graph operations(for example, see [4, 10, 12, 17, 18] [2] . Thus they are also normalized Laplacian cospectral. Notice that both Q 4∨ K 2 and Q 4∨ K 2 are non-regular graphs of order 50 with the degree sequence (6 (16) , 2 (32) , 17 (2) ), where a (b) indicates that a is repeated b times. Applying Theorem 3.1, we obtain Q 4∨ K 2 and Q 4∨ K 2 are non-regular normalized Laplacian cospectral graphs. Similarly, Q 4 ⊻K 2 and Q 4 ⊻K 2 are also non-regular normalized Laplacian cospectral graphs with the degree sequence (4 (48) , 33 (2) ).
Let G be a connected graph on n vertices and m edges, and the normalized
Recently, the degree Kirchhoff index of some graph operations have been investigated, such as line graphs, subdivision graph, total graphs, coronae, edge coronae graphs and so on(for example, see [7, 14] ). Next we shall give the formulae for the degree-Kirchhoff index of the vertex-join G 1∨ G 2 and edge-join G 1 ⊻ G 2 of regular graphs G 1 and G 2 . 
and
Proof. By the Vieta theorem, two roots x
2 of the equation
Similarly, two roots x 1 , x 2 of the equation
Thus, from Theorem 2.3 and (16), we obtain
Using the same technique, the formulae of Kf * (G 1 ⊻ G 2 ) follows from Theorem 2.4 and (16). ✷ Let G be a connected graph on n vertices and m edges, and the normalized Laplacian spectra 0 = λ 1 (G) < λ 2 (G) ≤ · · · ≤ λ n (G) ≤ 2. It is well known [9] that the number of spanning trees of G is
The number of spanning trees of graph operations has been studied extensively, such as line graphs, subdivision graph, total graphs, coronae, edge coronae graphs and so on(for example, see [7, 14, 17] ). Now we give the number of spanning trees of the vertex-join G 1∨ G 2 and edge-join G 1 ⊻ G 2 for regular graphs G 1 and G 2 .
Remark that The number of spanning trees of G 1∨ G 2 and G 1 ⊻ G 2 has also been computed by using their Laplacian spectra [17] .
Theorem 3.4 Let G 1 be an r 1 -regular graph on n 1 vertices and m 1 edges, and G 2 be an r 2 -regular graph on n 2 vertices. Also let 0 = µ 1 , µ 2 , · · · , µ n 1 and 0 = ν 1 , ν 2 , · · · , ν n 2 be the normalized Laplacian spectra of G 1 and G 2 , respectively. Then
(n 1 + r 2 ν i ),
Proof. From Theorem 2.3, the Vieta theorem and (17), we get easily (m 1 + r 2 ν i ).
Hence, the result follows. ✷
Conclusion
We remark that all nonzero off-diagonal elements of the normalized Laplacian matrix are not integer. It is not easy to determine the normalized Laplacian spectrum of some graph operations in terms of those of factor graphs. In this paper, we first introduce a slight generalization of the M-coronal of a matrix M of order n
This conception is used to determine the normalized Laplacian spectra of G 1∨ G 2 and G 1 ⊻ G 2 in terms of those of factor graphs G 1 and G 2 . As applications, some non-regular normalized Laplacian cospectral graphs are constructed. Finally, we also compute the number of spanning trees and the degree-Kirchhoff index of G 1∨ G 2 and G 1 ⊻ G 2 for two regular graphs G 1 and G 2 . And more notably, using the generalized M-coronal technique here, we may discuss to describe the normalized Laplacian spectra of some graph operations, such as join,(edge)corona, neighbourhood corona, variants of (edge)corona, variants of neighbourhood (edge)corona, variants of join based on Q-graph(R-graph, total graph, duplication graph) and so on. Remark that the case of (edge)corona has been studied by describing all corresponding eigenvectors with their eigenvalues in [7] .
